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A Semi-Empirical Method for Determining the
Averaged Orientation of Reinforcing Fibre in Fibre
Reinforced Composites
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Abstract—Fibre reinforced composites occur mainly in the form of
longitudinally aligned continuous and discontinuous fibre,
discontinuous randomly oriented and spatially distributed, fibre matts
and fibre laminates. In these cases whilst design is reference to the
categories given, re-orientation of the reinforcing fibres is likely to
arise during placement of the fibres and compounding of the
composite. The need does therefore arise for quick methods that can
be used to verify conformity of the averaged fibre orientation with
the design specifications. Expressions are developed here for use in
predicting the averaged orientation of reinforcing fibre in fibre
reinforced composites, based on known values of elastic modulus in
any two mutually orthogonal directions. Theoretical validation of the
expressions is carried out based on known properties in specific
directions. Experimental validation however, is part of on-going
work.

Keywords—Semi Empirical,
Orientation, Elastic Modulus.

Averaged

Reinforcing

Reuss rule (Inverse Rule of Mixtures – IROM), the Halpin
Tsai Semi-empirical rules, micromechanics rules, and
numerical models [1, 2, 3, 4]. The accuracy of predictions is
dependent on the inputs into the rules or models used,
including; the material properties and volume fractions of the
constituent components, as well as the occurrence, length,
orientation and spatial distribution of the reinforcing fibres [1,
2, 3, 5]. Application of these models to short fibre reinforced
composites suffers the draw back that the models are based on
the assumption that the reinforcing fibres are aligned parallel
to one another [5] and parallel to or orthogonal to the direction
of action of the applied load, a situation that is difficult to
realise in practice [7]. Typically the assumption is made that
the matrix is isotropic, and that the fibres are either isotropic
or transversely isotropic, are the same in shape and size, and
that the bond between the fibres and matrix is perfect [5, 6, 7].
The values of orientation [5, 7], length and spatial
distribution of reinforcing fibres used in design do not apply
wholly in practice, due to fibre breakage and re-orientation
during formulation and moulding [1, 2, 6]. It is necessary
therefore, to develop quick and accurate methods that can be
used to verify conformity of the expected mechanical
properties of the composite, with those specified in design.
Such methods include ultrasonic, X-ray (tomography), SEM,
Acoustic Emission, uniaxial tension, and transverse as well as
longitudinal vibration testing [4]. Whilst ultrasonic,
tomography and SEM are non-destructive, the cost of setting
up units that can be used to scan whole components in
industry is high and therefore, necessitates their alternative use
in the laboratory on small test specimens sampled from large
manufactured components. When applied this way, the
methods are also destructive in the same way as tensile and
vibration testing.
In this paper, the uniaxial tensile test is chosen to obtain
data for use in determining the averaged orientation of fibre
reinforced composites. The test is selected for its ease of
application and familiarity, as well as the wide existence of
tensile testing machines in material testing laboratories.
Nielsen and Chen (1968), proposed the following model for
predicting the averaged elastic modulus ( ) of fibre reinforced
composites, based on the directional values of elastic moduli
( ) for the composite [2].

Fibre

I. INTRODUCTION
Fibre reinforced composites occur in various forms
depending on the type of constituents, as well as dimensions,
orientation and spatial distribution of the reinforcing fibre. The
reinforcing fibre occurs in fibre reinforced composites as
aligned continuous and discontinuous, discontinuous
randomly oriented and spatially distributed, fibre matts, and
laminates as aligned continuous and discontinuous fibres [1, 2,
3, 4]. The reinforcing effect of fibres in a composite is a
maximum and minimum in the longitudinal and transverse
directions of the reinforcing fibres, respectively. This implies
then that the manner in which the reinforcing fibres occur in
fibre reinforced composites defines the mechanical properties
of the composites [5, 6, 7]. Despite the maximum
improvements of the properties of a composite being in the
longitudinal direction of the reinforcing fibres, short fibre
reinforced composites still find use due to advantages of lower
production costs, ease of fabrication particularly of
components with complex geometries, and macroscopic
isotropy when the fibres are randomly oriented [5, 6, 7]. The
values of the mechanical properties of fibre reinforced
composites can be determined experimentally. They can also
be predicted numerically or analytically. Analytical prediction
of the mechanical properties of composites is done with
differing degrees of accuracy based on the type of model used
including; the Voigt rule (Rule of Mixtures – ROM), the
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Tsai and Pagano (1968), proposed the following model for
predicting the averaged elastic modulus ( )) of a fibre
reinforced composite, based on the values of the major and
minor principle elastic moduli ( and ) of the composite[8].
E

E



(7.0)
In this model the x-direction elastic modulus is the elastic
modulus of the composite in a direction that is inclined at an
angle () to the larger principle material direction of the fibre
reinforced composite. The positive direction of the angel theta
is measure counter clockwise from the x-axis direction.

(2.0

Christensen and Waals (1972) proposed the following
equation for predicting the averaged elastic modulus of fibre
reinforced composites [2].

Logically the y-direction elastic modulus will therefore be
given by the expression:
(3.0)
In which the parameters ( and



) were defined as:
(8.0)

The cosine and sine terms are expanding to give:

(4.0)

(9.0)
(5.0)

and

Sharma (2001) and separately Vannan and Vizhian (2014)
developed a semi-empirical model for use in predicting the
generalised effective angle of orientation of reinforcing fibre
in short fibre reinforced composites. The method involved first
calculation of a theoretical value of elastic modulus for the
composite (Ect) based on an assumed orientation of the
reinforcing fibre. Values of major and minor principle elastic
moduli of the composite determined using the Voigt and
Reuss rules were then calculated. The determined value of
(Ect) was then compared with an experimentally measured
value of (Ece) and the assumed angle of orientation of the
reinforcing fibre adjusted iteratively, till the theoretical value
(Ect) and experimental value (Ece) were equal to one another.
The authors gave the following equation for use in
determining the theoretical value of elastic modulus for the
composite (Ect).

(10.0)
Therefore Equation 8.0 becomes:
(11.0)



Subtracting Equation 11.0 from Equation 7.0 gives rise to:
(12.0)
Equation 12.0 can be written as:
(13.0)

2

Factorising the cosine/sine term in Equation 13.0 gives rise
to:

(6.0)
The use of the Reuss rule by these authors in estimating the
minor principle elastic modulus for the composite minimised
the value of their method as the Reuss rule is known to give
values that are significantly different from experimental ones.
It was not possible to interrogate Equation 6.0 as is no details
of its derivation were provided.

(14.0)
Introducing the cosine and sine identity,
1, into Equation 14.0 leads to:
1

II. THEORETICAL MODELLING
Using stress and strain tensors in laminate theory, Gibson
(1994), presented the following equation predicting the xdirection value of elastic modulus ( ) for fibre reinforced
composites.

1
Equation 15.0 reduces to:
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Because of the orthotropic nature of fibre reinforced
composites it is necessary to be aware of the shear coupling
effect whose magnitude increases with decreasing length to
width ratio of a specimen. Short specimens that are thick
should be avoided and rather slender specimens with long
distances between the test specimen clamps are preferred. The
testing frame grips should also be made flexible in order to
avoid introducing distortion in the specimen due to the arising
end constraints [7].

(16.0)

Making the cosine term the subject in Equation 16.0 leads
to:
2

1

(17.0)

Taking square roots on both sides of Equation 17.0 and
placing the cosine term in the arising equation on one side
gives rise to:
0.5 1

III. THEORETICAL VALIDATION OF THE PROPOSED MODEL
Consider the case where x-direction coincides with the
direction of the major principle material axis. In such a case
the x-direction elastic modulus (Ex) will be equal to the major
principle elastic modulus (E1). Moreover, the y-direction
elastic modulus (Ey) will be equal to the minor principle
elastic modulus (E2). Substituting this condition into Equation
19.0 gives rise to:

(18.0)

The averaged orientation of the reinforcing fibre is therefore
given by:
0.5 1

(19.0)

0.5 1
0.5 1

The averaged orientation of reinforcing fibre in a fibre
reinforced composite can now be determined from Equation
19.0, given known values of the principle elastic moduli and
the x- and y-direction elastic moduli.
The Rule of Mixtures (RoM) or Voigt rule is still the best
method for calculating values of major principle elastic
moduli for fibre reinforced composites. It represents the upper
bound for composites and is recommended for use here. A
number of methods exist for predicting values of minor
principle elastic moduli for fibre reinforced composites. These
include, the Inverse Rule of Mixtures (IRoM) or Reuss rule,
the Chamis simplified micromechanics rules, and Gibson’s
representative volume element, strain energy equations. The
IRoM is the most inaccurate of these four methods and is not
therefore recommended for us here. It represents the lower
bound for composite materials [1, 2, 3]. The Halpin-Tsai semiempirical method is the most widely used of these methods [2]
and is recommended for use in determining values of minor
principle elastic moduli.
It is proposed that the x- and y-direction elastic moduli are
determined experimentally using the uniaxial tensile tests.
Test specimens for use in determining the values of (Exand Ey)
should be obtained from a parent fibre reinforced composite
sheet, with their longitudinal axes oriented orthogonal to one
another. It is recommended that a large number (at least 10) of
mutually orthogonal test sample pairs with the same
orientation be used for each orientation. The orientation
should then be varied a number of times (at least 10), and with
each variation 10 mutually orthogonal test specimen pairs are
obtained. The samples for testing should be obtained from the
entire parent sheet in order to test for spatial variability of the
averaged orientation of the reinforcing fibre. This will ensure
availability of adequate data at any one orientation and in an
adequate number of different orientations, from which
inferences on trends can be made.

1

(20.0)

(21.0)
1
0
Equation 21.0 conforms to the starting assumption that the
x-direction elastic modulus is inclined at an angle (
0 ) to
the direction of the major principle material axis.
Now consider the case where x-direction coincides with the
direction of the minor principle material axis. In such a case
the x-direction elastic modulus (Ex) will be equal to the minor
principle elastic modulus (E1), while the y-direction elastic
modulus (Ey) will be equal to the major principle elastic
modulus (E2). Substituting this condition into Equation 19.0
gives rise to:
0.5 1
0.5 1
0

90

1

(22.0)
(23.0)

Equation 23.0 conforms to the starting assumption that the
x-direction elastic modulus is inclined at an angle (
0 ) to
the direction of the minor principle material axis, and thus an
angle (
90 ) to the major principle material axis.
Finally consider the case where x-direction is inclined at an
angle of 45 to the direction of the major principle material
axis. In such a case the x-direction elastic modulus (Ex) will be
equal to the y-direction elastic modulus (Ey). Substituting this
condition into Equation 19.0 gives rise to:
0.5 1
0.5 1
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0.5 1

0
0.5 1
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on the x- and y-direction values of composite elastic moduli,
which is combined with the principle values of elastic moduli
to produce values of averaged reinforcing fibre orientation.
The flow chart shown in Fig. 1 describes the semi-empirical
method proposed here for use in the determination of the
averaged fibre orientation of a fibre reinforced composite.

0

(25.0)

45

(26.0)

Obtain material data
for the composite
constituents
–
reinforcing fibre and
matrix volume fraction
and elastic modulus

Equation 26.0 conforms to the starting assumption that the
x-direction elastic modulus is inclined at an angle (
45 ) to
the direction of the major principle material axis.
IV. REFERENCING THE PRESENT MODEL TO THE MATERIAL
PROPERTIES OF THE CONSTITUENT COMPONENTS

The major principle elastic modulus (E1) is determined from
the Rule of Mixtures as:


(27.0)
The minor principle elastic modulus (E2) is determined
from the Halpin-Tsai semi-empirical equations, which have
been re-organised here as:
E

Determine
the
experimental x- and ydirection values of
elastic moduli ( and
) using the uniaxial
tensile test

Substitute
the
results from the
foregoing processes
into Equation 19.0.

Substitute the material
data of the composite
constituents
into
Equation 30.0.

(28.0)

Adopting a value of (ξ 2) [3] and re-organising the
arising equation gives rise to:
E

Determine the principle
elastic moduli ( and
) from the Voigt and
Halpin-Tsai
semiempirical
equation,
respectively

E

(29.0)

Substituting Equations 28.0 and 29.0 into Equation 19.0
gives rise to:



0.5 1





Fig. 1:




(30.0)

Flow Chart of the Semi-Empirical Methods
Presented Here

VI. CONCLUSION
A semi-empirical model has been developed for use in
determined the averaged orientation of reinforcing fibre in a
fibre reinforced composite.
Theoretical validation of the model has been undertaken
successfully based on known results in three different
orientations.

Equation 30.0 is now in a form that facilitates direct
substitution of the commonly available values of material
properties for the constituent components of a composite
namely, the fibre and matrix elastic moduli and volume
fraction.
Equations 19.0 or 30.0 are variants of one another and both
give rise to the same result.

VII. RECOMMENDATIONS
It is recommended that experimental testing be carried as
outlined in this paper out in order to provide validation for the
model against actual composites.

V. FLOW CHART FOR THE PROCESS
The semi-empirical method of determining the averaged
orientation of reinforcing fibre in a fibre reinforced composite
using Equations 19.0 and 30.0, separately, is presented in the
form of a chart in Figure 1. It is evident from the equations
and the flow chart that the semi-empirical method presented
here is amendable to use with modern day software. Such
software will have a program developed to receive basic data
on the material properties of the constituents of a fibre
reinforced composite and to then calculate values of principle
elastic moduli. The program also receives experimental data
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